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Abstract 

Fermionic condensate and the vacuum expectation values of the energy-momentum ten- 
sor are investigated for twisted and untwisted massive spinor fields in higher-dimensional de 
Sitter spacetime with toroidally compactified spatial dimensions. The expectation values are 
presented in the form of the sum of corresponding quantities in the uncompactified de Sitter 
spacetime and the parts induced by non-trivial topology. The latter are finite and renormal- 
izations are needed for the first parts only. Closed formulae are derived for the renormalized 
fermionic vacuum densities in uncompactified odd-dimensional de Sitter spacetimes. It is 
shown that, unlike to the case of 4-dimensional spacetime, for large values of the mass, these 
densities are exponentially suppressed. Asymptotic behavior of the topological parts in the 
expectation values are investigated in the early and late stages of the cosmological expansion. 
When the comoving lengths of compactified dimensions are much smaller than the de Sitter 
curvature radius, the leading term in the topological parts coincide with the corresponding 
quantities for a massless fermionic field and are conformally related to the corresponding flat 
spacetime results. In this limit the topological parts dominate the uncompactified de Sitter 
part and the back-reaction effects should be taken into account. In the opposite limit, for a 
massive field the asymptotic behavior of the topological parts is damping oscillatory. 
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1 Introduction 

De Sitter (dS) spacetime is one of the simplest and most interesting spacetimes allowed by gen- 
eral relativity. Quantum field theory in this background has been extensively studied during the 
past two decades. Much of early interest to dS spacetime was motivated by the questions related 
to the quantization of fields propagating on curved backgrounds. This spacetime has a high de- 
gree of symmetry and numerous physical problems are exactly solvable on this background. The 
importance of this theoretical work increased by the appearance of the inflationary cosmology 
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scenario [T]. In most inflationary models, an approximately dS spacetime is employed to solve a 
number of problems in standard cosmology. During an inflationary epoch, quantum fluctuations 
in the inflaton field introduce inhomogeneities and may affect the transition toward the true 
vacuum. These fluctuations play a central role in the generation of cosmic structures from infla- 
tion. More recently astronomical observations of high redshift supernovae, galaxy clusters and 
cosmic microwave background [2j indicate that at the present epoch, the Universe is accelerating 
and can be well approximated by a world with a positive cosmological constant. If the Universe 
would accelerate indefinitely, the standard cosmology would lead to an asymptotic dS universe. 
Hence, the investigation of physical effects in dS spacetime is important for understanding both 
the early Universe and its future. 

Many of high energy theories of fundamental physics are formulated in higher-dimensional 
spacetimes. In particular, the idea of extra dimensions has been extensively used in supergravity 
and superstring theories. It is commonly assumed that the extra dimensions are compactified. 
From an inflationary point of view, universes with compact spatial dimensions, under certain 
conditions, should be considered a rule rather than an exception [3]. The models of a compact 
universe with non-trivial topology may play important roles by providing proper initial condi- 
tions for inflation. As it was argued in Refs. [lj, there is no reason to believe that the version of 
dS spacetime which may emerge from string theory, will necessarily be the most familiar version 
with symmetry group 0(1,4) and there are many different topological spaces which can accept 
the dS metric locally. There are many reasons to expect that in string theory the most natural 
topology for the universe is that of a flat compact three-manifold. The quantum creation of 
the universe having toroidal spatial topology is discussed in [5] and in references [6] within the 
framework of various supergravity theories. 

The compactification of spatial dimensions leads to a number of interesting quantum field 
theoretical effects which include instabilities in interacting field theories [7], topological mass 
generation [8] and symmetry breaking [9j. In the case of non-trivial topology, the boundary 
conditions imposed on fields give rise to the modification of the spectrum for vacuum fluctuations 
and, as a result, to the Casimir-type contributions in the vacuum expectation values of physical 
observables (for the topological Casimir effect and its role in cosmology see |1Q|. [TT] and references 
therein). In the Kaluza-Klein-type models, the Casimir effect has been used as a stabilization 
mechanism for moduli fields which parametrize the size and the shape of the extra dimensions. 
The Casimir energy can also serve as a model for dark energy needed for the explanation of 
the present accelerated expansion of the universe (see [12] and references therein). One- loop 
quantum effects for various spin fields on the background of dS spacetime, have been discussed 
by several authors (see, for instance, p3]-[28] and references therein). The effects of the toroidal 
compactification of spatial dimensions in dS spacetime on the properties of quantum vacuum for 
a scalar field with general curvature coupling parameter are investigated in Refs. [29\ [30] (for 
quantum effects in braneworld models with dS spaces and in higher-dimensional brane models 
with compact internal spaces see, for instance, Refs. |31[l32j). The one-loop quantum effects for 
a fermionic field on background of 4-dimensional dS spacetime with spatial topology R p x (S 1 ) 9 
are studied in [33]. 

In the present paper, we investigate one-loop quantum effects arising from vacuum fluctu- 
ations of a fermionic field on background of higher-dimensional dS spacetime with toroidally 
compactified spatial dimensions. The important quantities that characterize the quantum fluc- 
tuations during the dS expansion are the fermionic condensate and the expectation value of the 
energy-momentum tensor. In the next section, by using the dimensional regularization proce- 
dure, we evaluate these quantities in uncompactified odd-dimensional dS spacetimes. The plane 
wave fermionic eigenfunctions in {D + l)-dimensional dS spacetime with an arbitrary number 
of toroidally compactified dimensions are constructed in section [3l In section H] these eigenfunc- 
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tions are used for the evaluation of the fermionic condensate in both cases of the fields with 
periodicity and antiperiodicity conditions along compactified dimensions. The behavior of these 
quantities are investigated in asymptotic regions of the parameters. The topological parts in the 
vacuum expectation values of the energy-momentum tensor are investigated in section In the 
last section we summarize the main results of the paper. 



2 Vacuum expectation values in odd-dimensional 
uncompactified dS spacetime 

In this section we will evaluate the fermionic condensate and the vacuum expectation value 
(VEV) of the energy-momentum tensor in odd-dimensional uncompactified dS spacetimes by 
using the dimensional regularization procedure. These quantities are among the most important 
characteristics of the vacuum state and carry an information on both local and global properties. 
Let us consider a quantum fermionic field ip on background of {D + l)-dimensional de Sitter 
spacetime, dS/j+i, described by the line element 

ds 2 = dt 2 -e 2t l a Y,( dzl ) 2 i (1) 
i=l 

where the parameter a in the expression for the scale factor is related to the corresponding 
cosmological constant A by the formula a 2 = D(D — 1)/(2A). 

The dynamics of the field in a curved spacetime is governed by the covariant Dirac equation 



ijV-V^ - mV = o , = a„ + r„, (2) 

?neralized Dirac matrices and T M is the s] 
is given in terms of the flat-space Dirac matrices 7" by the relation 

1 

X 

where the semicolon means the covariant derivative of vector fields. In the equations above e 



where 7^ = e^7^ a - ) are the generalized Dirac matrices and T M is the spin connection. The latter 
1 of the flat-space 

= \l {a) l {b) e\ a) e {b) ^ , (3) 



are the tetrad components defined by e ^ a \ e 'n ) -\V = 9^ v > with rj ab being the Minkowski spacetime 



metric tensor. 

Let Sf(x,x') be the Feynman Green function for the spinor field in (D + l)-dimensional dS 
spacetime. In Ref. [T3] it has been shown that for D < 1 one has the relation 

iNm V + ima) T - ima) r { 1 - D \ 
ti[b F {x, x)\ - - (47r)(D+1)/2 a D-i T{1 _ ima)T{1 + ima) r [~^- ) > W 

where the trace is taken over the spinor indices of the Green function and is the number 
of spinor components in (D + l)-dimensional spacetime (see next section). The expression on 
the right-hand side of this formula is finite for all even values of D. In this case, by using the 
well-known properties of the gamma function, formula can also be written in the form 



rn , .. iNm D ^fl-D\ , . . 4 — r 

tr[S F (x,x)} = - (47r)(D+1)/2 r j tanh(vrma) J_J_ 



m 2 a 2 



(5) 

uirur 

j=0 1 J 

To find the renormalized value for the fermionic condensate we should subtract from ([5]) 
the corresponding DeWitt-Schwinger expansion tvlSp (x,x)}, truncating the expansion at the 
adiabatic order D: 

W)dS,ren = ~% { tr [S F (x, x)] - tr [™ (x, x)\ } , (6) 
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where stands for the truncated expansion. This expansion can be found by using 

the corresponding result for the bispinor Gp(x,x') which is related to the function Sf(x,x') 
by the formula Sf(x,x') = (i7 /i V A1 + i7i)Gf(x, %')■ The structure of the DeWitt-Schwinger 
expansion for the function Gf(x,x') is similar to that for the scalar Green function given, for 
example, in [28J: 



G F \x,x) 



-im 



D-l 



aj(x) 

U n )(D+l)/2 Z^"^2T 
3=0 



E 



r(j — (d — 1)/2), 



(7) 



where the coefficients a,j(x) are bispinors. The expressions for the first three coefficients in terms 
of the curvature tensor of the background geometry can be found in [34]. In particular, ao = I, 
a\ = —RI/12, where / is the unit matrix and R is the Ricci scalar. For de Sitter spacetime the 
bispinor coefficients a,j(x) in the adiabatic expansion of Gf(x,x') have the structure aj(x) = 
bjR^I, where bj are numerical coefficients and R = D(D + I) /a 2 is the Ricci scalar for dS/j+i. 
For example, the coefficient a2 is given by the expression 



D{D + l) lT , 

° 2 = ~Tuo^ {D 



2)(5£> + 7)I. 



(8) 



for the Dirac matrices, we see that for dS spacetime 



Now, by using the relation trpy^ 
one has the relation trfS^?^^ x)] - 
and ([7|), for the renormalized value of the fermionic condensate we find: 



mtr[G^? S ^(x, x)]. Hence, by making use of formulae 



(&}>) 



dS.ren 



Nm D ( 1 - D 



( 47r )(D+l)/2 
D/2 



D/2-1 

tanh(7rma) ] J 
3=0 



i-v aj .(,)"- )-.'».-'- fl »V 

.7=1 



1 + 



(i + 1/2)- 

m 2 a 2 



0) 



Further, we present the hyperbolic tangent function in this formula in the form tanh(x) = 1 — 
2(e 2x + l)~ 1 . The product in curly braces of (J9j) multiplied by the first term in this representation 
is cancelled by the adiabatic subtraction termg^ and the renormalized fermionic condensate in 
odd-dimensional dS spacetimes is presented in the form 



dS.ren 



2Nm D r ((!-£>) /2 



D/2-1 



(4 7r )(D+l)/2 e 2nma + 



r 1 n 



3=0 



1 + 



U + 1/2)- 
m 2 a 2 



(10) 



Note that the sign of the fermionic condensate is determined by the sign of the gamma function. 
For a massless fermionic field from (I10p we find the following result: 



dS.ren 



(-l) D / 2 N r (D + l\ 

^)(D+l)/2 a D \ 2 )' 
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Having the fermionic condensate, we can evaluate the VEV of the energy-momentum tensor 
for the fermionic field in odd-dimensional dS spacetime by using the trace relation 



(^f)dS,ren 



dS.ren ■ 



(12) 



1 We have explicitly checked this for the terms involving (ma) 2 and (ma) 4 ; in the case D = 5 these include 
all adiabatic terms. 
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Since the dS spacetime is maximally symmetric, we have (T, }dS,ren = const 5^. The constant in 
this relation is found from (|12p . In this way, for even values D, for the renormalized VEV of the 
energy-momentum tensor we find: 



k 2Nm D +H* r((l-ZJ)/2) g ^ r 1 

\J-l /dS,ren ( 4 ^)(D+l)/2 + 1) e 2n ma + 1 JUL 



1 + 



C? + 1/2) 
m 2 a 2 



21 



(13) 



For a massless fermionic field this tensor vanishes. Of course, we could expect this result, since in 
odd-dimensional spacetimes the trace anomaly is absent. For large values of the mass, ma S> 1, 
the VEVs for both fermionic condensate and the energy-momentum tensor are exponentially 
suppressed. In particular, for 5-dimensional de Sitter spacetime formula (|13|) leads to the result 

(^)dS,r en = 15yr 2 e 2,ma + \ ( X + ^2^2 + 16^*) ' D = 4 (U) 

For D = 3 the renormalized VEV of the energy-momentum tensor for fermionic field in dS 
spacetime is investigated in |18| (see also |10j). The corresponding expression has the form 

( T hds7!l = 16?r 2 a 4 {2m 2 a 2 {m 2 a 2 + l)[ln(ma) - Re ^{ima)] + m 2 a 2 /6 + 11/60} , (15) 

where ip{x) is the logarithmic derivative of the gamma- function. In the limit of zero mass, only 
the last term in curly braces contributes. For large values of the mass we have: 



and, unlike to the case of odd dimensions, the suppression is power-law. In figure [T] we have 
plotted the vacuum energy density (TQ)ds,ren as a function of the parameter ma for spatial 
dimensions D = 3, 4. 



A 

V 

+ 
q 




Figure 1: The vacuum energy density in uncompactified dS spacetime, (Tq )ds ,ren> as a function 
of the parameter ma for spatial dimensions D = 3, 4. 
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In dS spacetime the energy-momentum tensor (T* )dg )ren corresponds to a gravitational source 
of the cosmological constant type. Combining with the initial cosmological constant A, one-loop 
effects in uncompactified dS spacetime lead to the effective cosmological constant 

A c fT = A + 8ttGd+1 (Tq }dS,ren> (17) 

where Gd+i is the gravitational constant in (D + l)-dimensional spacetime. In the discussion 
above we have assumed that the quantum state of a fermionic field is the Bunch-Davies vacuum 
state (also called Euclidean vacuum). In [35J it was shown that for a scalar field with a wide 
range of mass and curvature coupling parameter the expectation values of the energy-momentum 
tensor in arbitrary physically admissable states approaches the expectation value in the Bunch- 
Davies vacuum at late times. 



3 Plane wave eigenspinors in toroidally compact ified de Sitter 
spacetime 

Now we turn to the investigation of one-loop quantum effects induced by the compactness of 
the spatial dimensions in dS spacetime. We consider (D + l)-dimensional dS spacetime with 
spatial topology R p x (S 1 ) 9 , p + q = D. The compactification of the spatial dimensions leads 
to the modification of the spectrum for zero-point fluctuations of fields and as a result of this 
the VEVs of physical observables are changed. This is the topological Casimir effect which is 
well-investigated in the literature for various type of geometries. 

In the (D + l)-dimensional flat spacetime the Dirac matrices are N x N matrices with 
(see, for instance, [36J), where the square brackets mean the integer part of the 
enclosed expression. In the discussion below we will assume that these matrices are given in the 
chiral representation: 

7 <»..(J « t ) , 7 (.) _ ( _^ ? ), _ ll2 ,..., J ,. ( 18) 

From the anticommutation relations for the Dirac matrices one has cr a a^ + = 25^. For 
example, in D = 4 the first four matrices = 0,1,2,3, can be taken the same as the 

corresponding matrices in 4-dimensional spacetime and 7^' = 7*- ) 7W ^t 2 )^ 3 ) . In this case 
0"1 j °2 , 03 are the standard Pauli matrices and 

« - ( ° ) ■ < 19 > 

Note that, unlike to the Pauli matrices, 04 is antihermitian. 

In order to evaluate the VEVs of the fermionic condensate and the energy-momentum tensor 
in toroidally compactified dS spacetime, we will use the direct mode-summation procedure. In 
this procedure we need to know a complete set of properly normalized eigenspinors {ipg \ 
specified by the collective index (3. By virtue of spatial translation invariance the spatial part of 
the eigenfunctions ip^ can be taken in the standard plane wave form e ±lkz , where k is the wave 
vector. We will decompose the vectors z and k into the components along the uncompactified 
and compactified dimensions, z =(z p ,z q ), k=(k p ,k g ). One of the characteristic features of 
the field theory on backgrounds with non-trivial topology is the appearance of inequivalent 
types of fields with the same spin [37]. For fermion fields the boundary conditions along the 
compactified dimensions can be either periodic (untwisted field) or antiperiodic (twisted field). 
First we consider the field with periodicity conditions (no summation over I): 

ijj(t,z p ,z q + L t ei) = ip(t,z p , z g ), (20) 
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where is the unit vector in the direction of the coordinate z l with the length L/ , ^ z l ^ L\. 
The case of a fermionic field with antiperiodicity conditions will be discussed below. For a 
spinor field with periodicity conditions along the compactified dimensions the corresponding 
wave vector has the components 

k q = (2irn p+1 /L p+1 , 2im D /L D ), (21) 

where n p+ i, . . . , rip = 0, ±1, ±2, .... 

In order to find the time dependence of the fermionic eigenfunctions, we choose the basis 
tetrad in the form e^' = 5^, = e t ^ a 5^ l , a = 1,2, ...,D. For the components of the corre- 
sponding spin connection we have r = 0, = (e'/ a /2a)^^ l \ l = l,2,...,D. Decomposing 
the iV-component spinor fields in the form 

/ ,„(+) \ 

(22) 




from the Dirac equation one finds the set of two first order differential equations: 

(rjd v - D/2 - iam) <p£l - iry(k • tr)tp^l = 0, (23) 
(rjd v - D/2 + iam)^l-i V (k-a + )^l = 0, (24) 

where cr = (cri, o"2, . . . , o\d). In these equations we have introduced a new independent variable 
rj in accordance with 

rj = ae~ t/a , < r] < oo. (25) 

Note that r = —rj is the conformal time coordinate, in terms of which the dS line element ([TJ 
takes the conformally flat form. 

By using the relation (k • <r)(k • er + ) = k 2 , with 



k=^k 2 + k 2 , (26) 

from (|23p we obtain the second order differential equations for the upper and lower components 
of the spinor: 

[q 2 d 2 - Drjdrj + k 2 r] 2 + a 2 m 2 ± iam + D(D + 2)/%^ = °- ( 27 ) 

These equations are solved in terms of the Hankel functions and the corresponding solutions 
have the form 



„,(+) _ AD+l)/2 



Cx,±H%_ ia Jk V ) + C 2 , ± H^ 1/2 _ iam (k V )\ . (28) 



Different choices of the coefficients Cj± correspond to different vacuum states. As in section 
[2l we will assume that the fermionic field is prepared in the de Sitter invariant Bunch-Davies 
vacuum, for which Ci,± = 0. Hence, for a fermionic field in the Bunch-Davies vacuum state the 
solutions to ([27]) are the functions 

$1 = ^¥ D+1)/2 H[%_jk,), 

= ^ {c \^-^ D ^ 2 H%_ iam {k V ), (29) 

where tp^ is an arbitrary constant spinor and n = k/k. Note that, in order to obtain the 
relation between the coefficients in (|29|) we have used equation 
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Now, we can construct the positive frequency solutions to the Dirac equation on the base of 
functions ([29]): 

./,(+) _ * „(D+l)/2 ik-r ( ^l/Liam^ 7 ?)™^ \ f o fll 

V -*( n • tr ) H -l/2-icm( kr l) W ' 

where = (k, a), and , a = 1, . . . , iV/2, are one-column matrices having N/2 rows with the 
elements wj = 8\ a . In the similar way, for the negative frequency solutions we find 



/2—iam ' 



^=a^i^ r a x^r )• (3i) 



with = uo^ . 

From the orthonormalization condition for the eigenfunctions (|30p and (|3ip , for the coefficient 
Ap one obtains 



4-^+2^-1^' ( 32 ) 

where V q = •••Lb is the volume of the compactified subspace. For a massless fermionic 
field the Hankel functions are expressed in terms of exponentials ones and we have the standard 
conformal relation tp^' = (rj / aY D+1 ^ 2 tp^^ between eigenspinors (|30p and (|3ip defining 

the Bunch-Davies vacuum in dS spacetime and the corresponding eigenspinors ^ M)(±) for the 
Minkowski spacetime with spatial topology R p x (S 1 ) 9 . 

The plane wave eigenspinors for a twisted spinor field are constructed in a similar way. For 
this field we have the antiperiodicity conditions along the compactified dimensions: 

ip(t, z p , z q + Liei) = -ip{t, z p , z q ). (33) 



The corresponding eigenfunctions are given by formulae (|30p . pip , where now the components 
of the wave vector along the compactified dimensions are given by the formula 

k q = (vr(2n p+1 + l)/L p+ i, . . . , vr(2n D + 1)/L D ), (34) 

with n p+ i, . . . , tib = 0, ±1, ±2, . . ., and 

D 

k 2 = k 2 p + k(2n; + 1)/L ; ] 2 . (35) 
i=p+i 

Note that the physical wave vector is given by the combination kry/a. 

4 Fermionic condensate in toroidally compactified 
de Sitter spacetime 

In this section and in the next one, we will investigate the fermionic vacuum effects induced by 
the non-trivial topology of the dS spacetime. The scheme of the corresponding calculations is 
similar to that for the case of dS4 given in [33J, and we will omit the details. Expanding the field 
operator in terms of the complete set of eigenfunctions, described in the previous section, and 
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using the commutation relations between the fields operator, we find the mode-sum formula for 
the fermionic condensate: 

W) M = J dk p £ CMTi > (36) 

kq,<T 

where .* = ^ s ^ ne Dirac adjoint. Applying to the sum over n p+ i in (|36p the Abel- 

Plana formula (see, for instance, [38]), we find the following recurrence formula for the fermionic 
condensate in dS spacetime with spatial topology R p x (S 1 ) 9 : 

$i>)p,q = (^)p+l,g-l + A p+i WW (37) 

where (i/^p+i 9 _i is the fermionic condensate in dS spacetime having topology R p+1 x (S 1 ) 9 " 1 , 
and the term 

SiATmD+l n -D t 00 +°° +°° roo 



n=ln p +2=— oo njj 

Im \K 1/2 - iam (n 

x 



Im [iVri/ 2 -iQm(^)A/2+iam(^)] 

(nL p+1 )P-i 



/(p-i)/2 {nL p+ly J x 2 + ) , (38) 



is induced by the compactness of the (p + l)th dimension. In Eq. (|38p . /^(x) and K v {x) are the 
modified Bessel functions and we have introduced the notations 



D 

f v {x) = x v K v {x), kl q _ x = {^m/Uf. (39) 

l=p+2 



Note that for a massless field the topological part in the fermionic condensate vanishes. 

On the base of the recurrence relation (|37p the fermionic condensate can be decomposed as 



(lp4>)p,q = (V^)dS,ren + W)c, W)c = ^ Ac+l-i(#)D-(,I, (40) 

2=1 

where the fermionic condensate in uncompactified dS spacetime, (V^dS.reru is given by formula 
([TO]) and the part {$ip) c is induced by the non-trivial spatial topology. Note that the expression 
on the right of formula ([38]) is finite and the renormalization is needed for the uncompactified 
dS part only. Of course, we could expect the finiteness of the topological part, since the toroidal 
compactification does not change the local geometry and, hence, the structure of the divergences 
is the same as in uncompactified dS spacetime. From formula (|38p we see that the topological 
part depends on the variable r/ and the length scales Li in the combinations Li/ij. Noting 
that a(r])L[ is the comoving length with a{rf) = a/r] being the scale factor, we conclude that 
the topological part of the fermionic condensate is a function of the comoving lengths of the 
compactified dimensions. 

The general formula for the topological part in the fermionic condensate is simplified in the 
asymptotic regions of the parameters. In the limit when the comoving length of the (p + l)th 
dimension is much smaller than the dS curvature radius, a(r/)L p+ i <C a, the leading term in the 
asymptotic expansion of the fermionic condensate has the form 

A /J, l\ ~ 2N( V /a)^m " ^ ^ uu 
A p+1 (W) P!q *- ^ ^ ••• ^ . (41) 

{ZTT)P> -T L p+1 Vg n = lnp + 2 = _oo nD = -oo 

In this limit the topological part is negative. Taking into account the relation between the 
conformal and synchronous time coordinates, we see that formula (|4ip describes the asymptotic 
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behavior in the early stages of the cosmological expansion corresponding to t — > — oo. Since the 
part (V'V ; }dS,ren i n the fermionic condensate is time-independent, we conclude that in this limit 
the topological part dominates. 

Now let us consider large values of the comoving compactification scale, a(rj)L p+ i 3> a. In 
terms of the synchronous time coordinate this corresponds to the late stages of the cosmological 
evolution, t — * +00. By using the formulae for the modified Bessel functions for small values of 
the arguments, we find the leading term given below: 

p+iwy/p* 2 P/2-%(P+ 1 )/ 2 LP+}y 9 cosh(am7r)e( D + 1 )*/« 1 ! 

The constants in the expression on the right-hand side are defined by the relation 

d i0o _ 1 Jp/2+l+iam\ n ^p+l K n q - 1 ) , . 

° "r(l/2 + iam) ^ ^ "' n p+2+2iam ■ y 6 > 

n=l n p j r 2=— 00 n£>=— oo 

Hence, in the limit when the comoving length of the compactified dimensions is much larger than 
the curvature radius of dS spacetime, for a massive fermionic field the topological part oscillates 
with the amplitude exponentially decreasing with respect to the synchronous time coordinate. 
The damping factor in the amplitude and the oscillation frequency are the same for all terms in 
the sum over I in the expression (|40h for {ipip)c and we have the similar oscillating behavior for 
the total topological term: (V^) c oc e ~( D + 1 ) t / a s [ n (2mt + (f> c ). 

In the case of a fermionic field with antiperiodicity conditions (I33j) , the fermionic condensate 
can be found in a way similar to that for the periodicity conditions. It can be seen that the 
corresponding formulae for the topological parts are obtained from those for the field with 
periodicity conditions inserting the factor (— l) n in the summation over n and replacing the 
definition for k'i by 

l=p+2 

In situations where the main contribution comes from the term n = 1, the topological parts in 
the fermionic condensate for fields with periodicity and antiperiodicity conditions have opposite 
signs. 



5 Vacuum expectation value of the energy-momentum tensor 

The one-loop topological effects in the VEV of the energy-momentum tensor are investigated in 
a way similar to that for the fermionic condensate. The corresponding mode-sum has the form 

(t^) = i -J dk p j2bpi:h^)^ - (y^HA'h- (45) 

For a fermionic field obeying periodic boundary conditions, we substitute the eigenfunctions 
given in (|3ip into this formula and by using the Abel-Plana formula, the VEV of the energy- 
momentum tensor in dS spacetime with spatial topology W x (S 1 ) 9 is presented in the decom- 
posed form 

{Ti)p, q = (T fe ) p+ i ig _i + A p+ i(Tl,) Piq . (46) 
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Here (Tl)p+x g _i is the VEV of the energy-momentum tensor for the topology R p+1 x (S 1 ) 9 1 
and the part (no summation over I) 

Nrt D+2 ni -D-l T W 00 +00 +°° r oo 

v ' y n=ln p+ 2=-oo nu=— 00 

Ref/ 2 ^ - r2 



x -T-, 777 f^ l '(riL p+1 Jx 2 + kl a _^, 47 

cosh(am7r)(Lp_|_inj p+i ^ V 



is due to the compactness of the (p+ l)th dimension. For the separate components the functions 
fp\y) have the form 

4°(y) = / (p+ i)/ 2 (y), * = o,i,..., P , 

f(p+l)C,.> = _„f, , , s ,/,.\ _ „,2 



'P 



(y) = -pf(p+i)/2(v) -y /(p-i)/2(y), (48) 



/W(y) = kfinL^Yf^y^y), l=p + 2,...,D, 

where fc; = 2imi/Li and the function /^(x) is defined in (j39|) . The topological parts (I47h are 
finite and by the recurrence relation (|46p the renormalization procedure is reduced to the renor- 
malization of the corresponding VEV in uncompactified dS spacetime. As we have mentioned 
before, this property is a consequence of the fact that the toroidal compactification of the dS 
spacetime considered in the present paper does not change the local geometry and the structure 
of the divergences is the same as in the uncompactified dS spacetime. Another important point 
to be mentioned is related to the finite renormalization terms in the VEVs. These terms are 
completely determined by the local geometry and in our compactification scheme they do not 
depend on the parameters characterizing the non-trivial topology (lengths of the compactified di- 
mensions). As a result the topological parts are not touched by the finite renormalization terms. 
It can be seen that the topological part satisfies the trace relation A p+ i(T}) Ptq = mA p+ i(^) M 
and is covariantly conserved in dS spacetime: (Ap+i(?} fc )p i9 ) . = 0. In particular, this part 
is traceless for a massless field. In the uncompactified subspace the equation of state for the 
topological part of the energy-momentum tensor is of the cosmological constant type. Note that 
the topological parts are time-dependent and they break the dS symmetry. 

After the repetitive application of the recurrence formula (|46f) . the VEV of the energy- 
momentum tensor for the topology R p x (S 1 ) 9 is presented in the form 

(Tf) P , q = (TfWren + (if)* (^)c = £ {^D-lJl, (49) 

1=1 

where the renormalized VEV in the uncompactified dS spacetime, (TJ fc )ds,ren) is given by formula 
(fT3|) and (T t ■ ) c is the topological part. 

For a massless fermionic field, from (|47p one finds (no summation over I) 

y^TT ) yl V q -U p+1 n= i n+2= _oo n D =-oo 



with the notations 



9 P ] {y) = f P /2+i(y), i = o,i,..., P , 
4 p+1) (y) = -(p + i)f P /2 + i(y)-y 2 f P /2(y), (51) 

gj[)(y) = (nL p+l ki) 2 f p/2 {y), l=p + 2,...,D. 
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The massless fermionic field is conformally invariant in any dimension and in this case the prob- 
lem under consideration is conformally related to the corresponding problem in the Minkowski 
spacetime with spatial topology R p x (S 1 ) 9 . Formula (|5U|) is also obtained from the relation 
A p+ i(r*) P) g = a~ D ~ 1 (r])Ap + i(T-)^j > , with a(rj) being the scale factor. Comparing expression 
(I50j) with the corresponding formula from [30] for a conformally coupled massless scalar field, 



we see that the following relation takes place: IS. p+ i(T l k ) P)q = — N /S. p+ i{T k ) p ^ Uv \ 

Now we consider the behavior of the vacuum energy-momentum tensor in the asymptotic 
regions of the parameters. For small values of the comoving length a(rj)L p+ i with respect to 
the dS curvature radius, a{rj)L p+ i <C a, to the leading order the topological part in the VEV of 
the energy-momentum tensor coincides with that for a massless field given by formula (I50p . In 
particular, the topological part of the vacuum energy density is positive. This limit corresponds 
to the early stages of the cosmological evolution, t — > — oo, and at these stages the total VEV 
is dominated by the topological part. In this limit the back-reaction effects of the topological 
terms are important and these effects can change the dynamics essentially (for a discussion of 
back-reaction effects from vacuum fluctuations on the dynamics of dS spacetime see, for instance, 
|39] and references therein). 

For large values of the comoving length, a{rj)L p+ i a, the leading term in the topological 
part is given by the formula (no summation over I): 



2 _ NBj cos[2mt - 2am \n(a/L p+1 ) - Yll 
l ~ 2P/H(P+V/2V q L P l{ cosh(am7r)e( B + 1 )*/« " ' 



Here Bi, fa for I = 0, 1, . . . ,p, are given by relation (|53"|) . and Bi, fa, I = p + 1, . . . , D, are defined 
by the formula 

B,e* = ~ z V V •••V - 

r(l/2 + iam) ^ ^ ^ n P+ 2+2iam 

n=ln p j r 2=—oo nr>=— °o 

X [(p + 1 + 2iam)f p/2+1+iam (x) + x 2 f p/2+iam (x)] x=nLp+lkn ^ , (53) 
for I = p + 1, and by the formula 

B ie ^ = , , p+1 y y ... y ^ /^^w^j 

r(l/2 + iam) ^ ^ ^ n p+2 iam v > 

v ' ' n=l n p j r 2=— 00 nr>=— 00 



for I = p + 2, . . . , D. Formula (I52h describes the asymptotic behavior of the topological part 
in the late stages of cosmological evolution corresponding to the limit t — > +00. In this limit 
the behavior of the topological part for a massive spinor field is damping oscillatory. As in 
the case of the fermionic condensate, the damping factor in the amplitude and the oscillation 
frequency are the same for all terms in the sum of Eq. (|49p and the total topological term 
behaves like (T, fe ) c oc e~^ D+ ^ t ' a cos (2mt + 4>' c ). As the vacuum energy-momentum tensor for 
uncompactified dS spacetime is time-independent, we have similar damping oscillations in the 
total energy-momentum tensor (r^)ds,ren + (^f )c- This type of oscillations are absent in the 
case of a massless field when the topological parts decay monotonically as e ~( D + 1 ) t / a . Note 
that the topological quantum effects generate an effective potential for the moduli fields related 
to the size of extra dimensions. This potential is proportional to A e fj + 87rGz) + i(T i fe ) c . As we 
have seen, this combination has local minima in the late stages of cosmological expansion. This 
provides an stabilization mechanism in models with a single fermionic field. 

The topological parts in the VEV of the energy-momentum tensor for the fermionic field with 
antiperiodicity conditions along the compactified dimensions are investigated in the way similar 
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to that for untwisted field. The corresponding formulae for the topological parts are obtained 
from the expressions for the field with periodicity conditions inserting the factor (— l) n in the 
summation over n and replacing the definition for k% lq _ 1 by (|44|) . In particular, for small values 
of the comoving length with respect to the dS curvature radius, a(r])L p+ i <C a, the topological 
part of the vacuum energy density is negative. 

In figure[2]we have plotted the topological parts in the VEVs of the energy density (left panel) 
and the vacuum stress along the compactified dimension (right panel) as functions of the ratio 
L/r] for the value of the parameter am = 4 and in the special case of dSs having spatial topology 
R 3 x S 1 with the length of the compactified dimension L4 = L. This topology corresponds to the 
original Kaluza-Klein model [3D]. Note that the ratio L/r] = a{rj)L/a is the comoving length of 
the compactified dimension in units of the dS curvature radius. Full/dashed curves correspond 
to the fields with periodicity /antiperiodicity conditions along the compactified dimension. Note 
that for the massless fermionic field in dS spacetime with the spatial topology R 3 x S 1 one has 

(T<) c , m=0 = (^) 5 diag(l, 1, 1, 1, -4), (55) 

where b = 3 for the field with periodicity condition and b = —45/16 for the field with antiperi- 
odicity condition, ((x) is the Riemann zeta function. As we have explained before, in the limit 
L/r] -^i 1, the tensor (I55j) is the leading term in the corresponding asymptotic expansion for the 
VEV of the energy-momentum tensor of the massive field. 




2 3 4 5 6 2 3 4 5 6 

Lin Li n 



Figure 2: The topological parts in the VEVs of the energy density (left panel) and the vacuum 
stress along the compactified dimension (right panel) as functions of the ratio L/r] for the value 
of the parameter am = 4 and in the special case of spatial topology R 3 x S . Full/dashed 
curves correspond to fields with periodicity/antiperiodicity conditions along the compactified 
dimension. 

In order to illustrate the dependence of the topological parts on the mass, in figure[3]the ratio 
(Tq) c / (Tq ) c ,m=o is plotted as a function of the parameter am for fermionic field with periodicity 
conditions in dSs with topology R 3 x S 1 . The numbers near the curves correspond to the values 
of the ratio L/r] with L being the length of the compactified dimension. According with formula 
()52|) . for large values of the mass the topological part is an oscillating function. The amplitudes 
of these oscillations are exponentially suppressed and in the given scale they can be seen only 
for the case L/r] = 4. 

The results obtained in the present paper can be used to consider the role of quantum topo- 
logical effects in two types of models. For the first class one has p = 3, q 1, and they correspond 
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Fi gure 3: The ratio (Tq) c / (Tq ) cm= Q as a function of the parameter am for a fermionic field 
with periodicity conditions in dSs with spatial topology R 3 x S 1 . The numbers near the curves 
correspond to the values of the ratio L/rj. 

to the universe with Kaluza-Klein-type extra dimensions. For the second type of models D = 3 
and the results given above describe how the properties of the universe with dS geometry are 
changed by one-loop quantum effects induced by the compactness of spatial dimensions. These 
effects essentially depend on the ratio of the dS curvature radius to the Compton wavelength 
related to the mass of the field, the parameter am. In the inflationary period with the charac- 
teristic energy E, for this parameter one has am ~ 2 x 10~ 15 (m/m e )(10 15 GeV/E) 2 , with m e 
being the mass of the electron. In the standard models of the inflation with the energy scale of 
the order 10 15 GeV the effects due the finite mass are small, unless the mass is extremely large, 
and the topological part in the VEV of the energy-momentum tensor is well- approximated by 
formula (|50p . For a field with the mass of the order 1 GeV the effects related to the finite mass 
are important for the energy scales E < 10 9 GeV. For the recent epoch of the cosmological 
expansion with the characteristic energy scale Bf»2x 1CT 3 eV one has am S> 1 and for the 
comoving lengths of the compactifeied dimensions much less than the horizon scale, a{t)Li -C a, 
the effects related to the curvature of the spacetime are small. In this case formula (|47p re- 
duces to the corresponding result in the Minkowski spacetime with topology R p x (S 1 ) 9 . In the 
models with p = 3 and for fields with the mass mLi < 1, the topological part of the vacuum 
energy density is of the order of the dark energy for the size of the extra dimensions of the order 
10~ 3 cm (for a recent discussion see also |12j). The models with such large extra dimensions can 
be realized within the framework of braneworld scenario. However, it should be noted that in 
braneworlds additional contributions to the VEVs are present due to the imposition of bound- 
ary conditions on the branes (combined effects induced by non-trivial topology and boundary 
conditions in braneworld models on AdS bulk are considered in |32j). 

As we have mentioned before at early stages of the cosmological expansion the separate 
terms in the topological part for the VEV of the energy-momentum tensor are approximated by 
formula (|50p . In this limit the topological part is presented in the form 




= a 



-D-l 



(t)(T?}W 



(56) 



where (Tf)^ 



is the corresponding quantity for a conformally coupled massless scalar field in 
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the Minkowski spacetime with spatial topology R p x (S 1 ) 9 . Formula (|56|) is valid for general case 
of the scale factor a(t). This allows us to investigate the back reaction effects of the topological 
part on the cosmological evolution in the limit under consideration. These effects are determined 
from the (L>+l)-dimensional Einstein equations. The corresponding equation for the scale factor 
has the form 



1 



da V 
dt J 



H 2 + 



P 



,D+r 



where we have introduced the notations 

2A ef r 



H 



D(D - 1 

The solutions of this equation are the functions 

'D + l 



167rGp + i 
D(D-l) 



(T °)i M) . 



(57) 



(58) 



a(t) 



a(t) 



yfP/H 2 sinh 
^-p/H 2 cosh 



Ht 



2 

D + l 



2/OD+l) 



for p > 0, 



Ht 



2/(D+l) 



for < 0. 



(59) 



For P = the solution is given by the line element (JT]) with a = 1/H. 

As it is seen from (j59j) . in the case P > at t = one has a singularity and the size of 
the universe is zero. Near this singularity the semiclassical approximation is not applicable. 
In accordance with (|5(J|) this case is realized for the fermionic field with periodicity conditions. 
For the case P < the scale factor has minimum value a m [ n = (— P / H 2 ) 1 ^®^ and for the 
topology (S 1 )' D we can estimate the probability of creation P of the corresponding universe in 
the way similar to that used in [SJE]. Note that this case can be realized by the fermionic field 
with antiperiodicity conditions, when the asymptotic expression for the topological part in the 
energy density is given by (|50p with an additional factor (— l) n . The corresponding instanton is 
obtained from (|59l) by the replacement t — * —it: 



V-P/H 2 cos 



D + l 



Ht 



-|2/(D+1) 



(60) 



with r being the euclidean time and H\t\ ^ ir/(D + 1). The euclidean action for the instanton 
is given by the expression 

nO\(M)\D/(D+l)^ ( 61 ) 



S e = iA D V D \{T$ /c 



with the notation 



A 



D 



4^ 



D-l 
2(D+1) 



[D(D - 1)]~ D /( D +V 



D + 1 r bgr) (WnG D+1 H°~iy/(n+i) 



(62) 



For the creation probability one has P ~ exp(— 2|<S e |). In the case D = 3 this formula for the 
creation probability reduces to the one discussed in [5j [6] . 

For the further discussion we note that when the sizes of the compactified dimensions are the 
same, L p+ \ = ■ ■ ■ = Lp = L, the topological part in the energy density of the twisted fermionic 
field for the topology R p x (S 1 )^ -13 is presented in the form 



/ r 0\(M) 

\- t o/ Ci RP X (s 1 ) I, -p 



a D . 



LD+1> 

where, in accordance with (|50p . the coefficient is given by the expression 

D—l oo +oo +c 



|=p n=ln i+2 =-oo n D =—oo 



/i/2+l(W( 2re i+2 + l) 2 + • • • + (2n D + l) 2 ) 



(-l) n (27rn 2 )V2 



+i 



(63) 



(64) 
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Now let us consider the creation probability in two special cases. For the first one we assume 
the topology (S 1 ) 15 with L\ = ■ ■ ■ = Lp = L. In this case for the creation probability one has 

P ~ exp[-2A D \a D ,o\ D/{D+1) ]- (65) 

In the second case we assume the topology (S 1 ) with L\ = ■ ■ ■ = L p = L\, L p+ \ = • • • = Ld = 
L s and L\ ^> L s . For this case, to the leading order one has (T °)^ M) » a DyP /L® +1 and the 
creation probability takes the form 

P ~ exp[-2A D |a DiP | D /( D+1 )(L 1 /L s )f]. (66) 

6 Conclusion 

In the present paper we have investigated the fermionic condensate and the VEV of the energy- 
momentum tensor for a massive fermionic field in higher-dimensional dS spacetime with toroidally 
compactified spatial dimensions. In Section [2] we have considered the corresponding quantities 
in uncompactified odd-dimensional dS spacetime assuming that the field is prepared in the 
Bunch-Davies vacuum state. The renormalization is done by using the dimensional regulariza- 
tion procedure. Closed expressions, formulae (jlOp and (|13p. are derived for the renormalized 
fermionic condensate and the VEV of the energy-momentum tensor respectively. For large val- 
ues of the mass these quantities are exponentially suppressed. Note that in even-dimensional dS 
spacetime for large mass the suppression is power-law. 

Further, we have investigated one-loop quantum effects on the fermionic vacuum induced by 
the non-trivial topology of spatial dimensions. Specifically, we have considered the dS spacetime 
with toroidally compactified dimensions having the spatial topology R p x (S 1 ) 9 . For the evalua- 
tion of the vacuum densities, the mode-summation procedure is employed. In this procedure we 
need to know the corresponding eigenspinors satisfying appropriate boundary conditions along 
the compactified dimensions. These eigenspinors are constructed in section [3] for both fields 
obeying periodicity and antiperiodicity boundary conditions. By using these eigenfunctions and 
applying to the mode-sums the Abel-Plana formula, the VEVs for the spatial topology R p x (S 1 ) 9 
are presented in the form of the sum of the corresponding quantity in the topology R p+1 x (S 1 ) 9-1 
and of the part which is induced by the compactness of (p + l)th dimension. For fields obeying 
periodicity conditions, the topological parts are given by formulae ([38]) and (|47p for fermionic 
condensate and energy-momentum tensor, respectively. The corresponding formulae for the field 
with antiperiodicity conditions are obtained from those for the field obeying periodicity condi- 
tions inserting the factor (— l) n in the summation over n and replacing the definition for k\ 
by (04} . 

The topological parts are finite and the renormalization procedure is needed only for the 
uncompactified dS spacetime. These parts are time-dependent and break the dS symmetry. The 
corresponding vacuum stresses along the uncompactified dimensions coincide with the energy 
density and, hence, in the uncompactified subspace the equation of state for the topological part 
of the energy-momentum tensor is of the cosmological constant type. For a massless fermionic 
field the problem under consideration is conformally related to the corresponding problem in the 
Minkowski spacetime with spatial topology W x (S 1 ) 9 and the topological part of the fermionic 
condensate vanishes. For the VEV of the energy-momentum tensor we have the standard relation 
(T l k ) c = a~( D+x \r])(T^)c between the topological contributions. 

For a massive fermionic field, in the limit when the comoving length of a compactified 
dimension is much smaller than the dS curvature radius, the topological part in the VEV of the 
energy-momentum tensor coincides with the corresponding quantity for a massless field and is 
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conformally related to the VEV in toroidally compactified Minkowski spacetime. In particular, 
the topological part in the vacuum energy density is positive for an untwisted fermionic field. 
This limit corresponds to the early stages of the cosmological evolution and the topological 
parts dominate over the uncompactified dS parts. At these stages the back-reaction effects of 
the topological terms are important and these effects can essentially change the dynamics of 
the model. In the opposite limit, when the comoving lengths of the compactified dimensions 
are large with respect to the dS curvature radius, in the case of a massive field the asymptotic 
behavior of the topological parts are oscillatory damping for both fermionic condensate and the 
energy-momentum tensor and their respectively leading term are given by formulae (142p and 
(f52|) . These formulae describe the behavior of the topological parts in the late stages of the 
cosmological expansion. As the corresponding uncompactified dS parts are time- independent, 
we have similar oscillations in the total VEVs as well. Note that this type of oscillatory behavior 
is absent for a massless fermionic field. 
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